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INTRODUCTION

This book has been designed for those of you who are going to enter the
CSEC General Proficiency examination in Mathematics. The book contains
complete coverage of the syllabus with plenty of straightforward questions.

We have also included comprehensive review tests after groups of chapters.
These enable you to revise the work covered in those chapters. The multiple
choice questions are intended to be worked without the use of a calculator.

The book concludes with three multiple choice exercises and three Model
Examination papers that test the whole of the CSEC syllabus. We have also
included a sample paper with worked solutions to show the type of answer
that is expected.

Most chapters end with ‘mixed exercises’. These will help you revise what
you have done, either when you have finished the chapter or at a later date.

Guidance on the SBA has been made available on a support website.

Finally a word of advice: when you are doing numerical work, whether
with the help of a calculator or not, remember always ask yourself 'Is my
answer a reasonable one for the question that was asked?’

Access your support website for additional guidance on the
School Based Assessment here:
www.oxlordsecondary.com/9780198414568




PREFACE

To the teacher

The general aims of the book are:

1

to help students to

B attain solid mathematical skills

B connect mathematics to their everyday lives and understand its role
in the development of our contemporary society

B see the importance of thinking skills in solving everyday problems

m discover the fun of doing mathematics and reinforce their positive
attitudes to it.

2 to encourage teachers to include historical information about mathematics

in their programme.

In writing this book the authors attempted to present topics in such a way
that students will understand the connections in Mathematics, be encouraged
to see and use mathematics as a means to help make sense in the real world.

Topics from the history of mathematics have been incorporated to ensure that
mathematics is not dissociated from its past. This should lead to an increase in
the levels of enthusiasm, interest and fascination for mathematics, and should
also enrich the teaching of it.

Careful grading of exercises makes the books approachable.

Some suggestions:

-

Before each lesson give a brief outline of the topic to be covered in the
lesson. As examples are given refer back to the outline to show how the
example fits into it.

List terms on the chalkboard that you consider new to the students.
Solicit additional words from the class and encourage students

to read from the text and make their own vocabulary.

Remember that mathematics is a foreign language. The ability to
communicate mathematically must involve the careful use of the
correct terminology.

When possible have students construct alternative ways to phrase
questions. This ties in with seeing mathematics as a language. Students
tend to concentrate on the numerical or ‘maths’ part of the question and
pay little attention to the instructions which give information which is
required to solve the problem.

When solving problems have students identify their own problem-solving
strategies and listen to others. This practice should create an atmosphere
of discussion in the class centred around different approaches to the same
problem.

As the students try to solve problems on their own they will make mistakes.
This is healthy, as this was the experience of the inventors of mathematics:
they tried, guessed, made many mistakes and worked for hours, days and
sometimes years before reaching a solution. There are enough problems in
the exercises 10 allow the students to try and try again. The excitement,
disappointment and struggle with a problem until a solution is found
provide a healthy classroom atmosphere.




To the student

This book is written for you. As you study:

Try to break up the material in a chapter into manageable bits.

Always have paper and pencil when you study mathematics.

When you meet a new word write it down together with its meaning.
Read your questions carefully and rephrase them in your own words.
The information which you need to solve your problem is given in the
wording of the problem, not the number part only.

Your success in mathematics may be achieved through practice.

You are therefore advised to try to solve as many problems as you can.
Always try more problems than those set by your teacher for homework.
Remember that the greatest cricketer or netball player became great by
practising for many hours.

We have provided enough problems in the books to allow you to practise.
Above all don’t be afraid to make mistakes as you are learning. The greatest
mathematicians all made many mistakes as they tried to solve problems.

You are now on your way to success in mathematics - GOOD LUCK!

Acknowledgements
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NUMBER THEORY AND COMPUTATION

AT THE END OF THIS CHAPTER
YOU SHOULD BE ABLE TO...

1 Know the difference between a prime number and a composite
number.

2 List the factors and multiples of numbers, and find the HCF and
LCM of a set of numbers.

3 Recognise the place value of a digit of a number in any base.

4 Know the number properties.

(4]

Approximate a given number to a given place value or significant
figure.

Add, subtract, multiply and divide fractions and decimals.

Use scientific notation.

L N O

Convert between fractions, decimals and percentages.

9 Calculate a fraction or percentage of a given quantity.
10 Find one quantity as a fraction or percentage of another quantity.
11 Understand and use ratios.

12 Distinguish between sets of numbers.

o
BEFORE you need to know:
YOU START / pairs of numbers that add up to ten and that add
up to 100
v the sum of any two numbers less than 10
v the product of any two numbers up to 12 X 12
v how to add, subtract, multiply and divide with
whole numbers.
¥

KEY WORDS
associative, binary number, closure, commutative,

composite number, counting number, cube, cube root, denary
number, digit, distributive, equivalent fraction, exponent, factor,
fractional index, highest common factor, identity, index, integer,
inverse, irrational, least common multiple, multiple, natural number,
negative index, negative number, percentage, place value, positive
number, power, prime number, product, ratio, rational number, real
number, reciprocal, significant figure, square, square root, scientific

notation, whole number

7

Whole numbers

B A digit is any one of the symbols 0, 1, 2, 3,4, 5,6, 7, 8 or 9.

B The natural numbers, also called counting numbers, are 1, 2, 3,4, 5, ...
The set of natural numbers is denoted by .

MATHS IS
OUT THERE

Euclid showed that there
are an infinite number of
prime numbers.

Time for a library search:
Find the proof that this
is true and rewrite it
using your own words.

The largest prime
number discovered so far
has 9808358 digits.
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The whole numbers are 0, 1, 2, 3, 4, 5, .... The set of whole numbers
is denoted by W. Notice that N is included in W.

A factor of a whole number will divide into the number exactly
without leaving a remainder.

A prime number is a whole number that has only two different
factors: itself and 1.

All other whole numbers are called composite numbers. A composite
number can be expressed as the product of two factors other than 1 and
itself.

Any composite number can be expressed as a product of prime numbers.

A multiple of a number is the product of the number and any other
whole number.

The highest common factor (HCF) of a set of numbers is the largest
number that is a factor of every number in the set.

The least common multiple (LCM) of a set of numbers is the
smallest number that is a multiple of every number in the set.

An index that is a whole number is a shorthand way of writing a
number multiplied by itself, possibly several times. In the number 4°, the

superscript 3 is the index. It means the product of 3 fours, i.e. 4 X 4 X 4.

An index is also called a power or an exponent.

The factors of 6 are 1, 2,
3 and 6.

1 is not a prime number
because it has only one
factor. 2 is the smallest
prime number. 5 is a

prime number because 1
and 5 are its only factors.
15 is a composite

number as 15 =3 X 5. 4

The multiples of 3 are
3,6,9, 12, ..

The plural of index is
indices. 5' = 5 and
5% = 1, and for any
number, a, a° =

1
2
3
4
b
6
7

Write down all the factors of 24.

Write down three two-digit prime numbers starting with 1.
Write down two multiples of 25 beginning with the digit 2.
Write down two two-digit prime numbers beginning with 5.
Write down two multiples of 13 bigger than 100.

Write down all the factors of 36.

Write as a single number in index form

a2x2x2x2 b 3X3X5XH5
CAXINXIRTHTET d 2X2X2X2X3X3IX13
& Sx Soeh x TX P13 F3x%2x5xdx3x5x2x%3

Example:

Find the value of a (3%)*
a (BFP=@©QP=9x9x9=861x9=729
b #+12°=16+1=17

b 42 + 12°

Find the value of

a2 b 3 ¢ 5 d7° e 2% %@

These facts about

divisibility are useful

when you are looking for

factors:

® an even number is
divisible by 2

* a number ending in 0
or 5 is divisible by 5

¢ a number whose digits
add up to a multiple
of 3 is itself divisible

by 3. /

First find the value of
the number inside the
bracket.




Exercise 1a

Example:

Express 116 as a product of its prime factors. You can usually see the prime factors of small
21116 numbers, e.g. 6 = 2 X 3. For larger numbers, you
o[B8 need an organised approach: start by dividing by

2929 the smallest prime factor and repeat until you can no
- longer divide by it. Then divide by the next smallest
50116 =2 X 2 X 29 = 22 X 29 prime factor and so on until you get to 1.

9 Express each number as a product of its prime factors.

a 35 b 28 c 108 d 1144 e 1936 f 30030
Example: This shows an alternative method

for finding the prime factors: start by
Find the HCF of 28 and 36. writing the number as a product of any

i two factors, then express each of those
286=4XT=2X2X7 S which are not prime as the product of
SO=4X9=2X2X3EX3 E_ha{ S e s e any two factors and continue this until

TheHCF =2 X2 =4 all the factors are prime.

2 each number as a product of
s. Then pick out the factors

Find the HCF of the following sets of numbers.

10 a 45, 60 b 64,72
11 a 32, 52, 56 b 18,54, 72
12 a 351, 648 b 432, 768

13 a 105,147,196 b 273, 975, 1638

Example:

Find the LCM of 15 and 20.

e First write each number as a product
12=5X5 of prime factors. Then choose all the
Z0=4XDH=2X2KE factors of the smaller number and add in

those factors of the larger number that
The CM =3 X B X 2X 2 =60 are not already included.

Find the LCM of

14 a 45,60 b 64,72

15 a 56, 84 b 104, 169
16 a 44, 121, 66 b 36, 48, 108

17 For these three numbers: 20, 30, 35, find
a the HCF b the LCM.

Example:

The lights on three buoys A, B and C flash at intervals.

A flashes every 2 seconds, B flashes every 3 seconds and C flashes
every 5 seconds.

A is started, B is started 1 second later then C is started 1 second
after B.

a How many seconds are there between the times at which the
three lights flash together?

b How long is it before they first flash together?




Mathematics for CSEC

18

19

20

21

22

23

24

25

26

27

; The number of seconds between the
a lhe L,'CM 98- dole ot times at which the lights flash together
The lights flash together every 30 seconds. has to be a multiple of 2, 3 and 5.

b If they first flash together n seconds after A is started,
then nis a multiple of 2, n — 1is a multiple of 3
and n— 2 is amultiple of B.

Tryn—2 =10:n— 1= 11 and 11 is not a multiple of 3. As n is a multiple of 2,
Tryn— 2 = 20:n— 1 = 21 whichis a multiple of 3 nisevenson — 2isan
s =22 even multiple of 5. Try

’ n—-2=10
They first flash together after 22 seconds.

Find the shortest length that can be divided exactly into equal
sections of lengths either 5m, 6m or 12m.

What is the least sum of money into which $35, $50 and $75 will
divide exactly?

A gear wheel with 25 teeth drives another wheel with 60 teeth.

Two particular teeth are in contact when the wheels start. How
many times must each wheel turn before the same two teeth are in
contact again?

Two cyclists ride around a track. One takes 5 minutes and the other
6312— minutes to complete a circuit. They start together.

How long will it be before they are side by side again?

A room measures 400cm by 550 cm. Find the side of the largest
square tile that can be used to tile the floor without any cutting.

At a Vacation School the visitors can be divided into groups of 15, 20
and 24 with no one left out. Find the smallest number of visitors that
makes this possible.

Find the largest number of students who can share 42 pens and
70 pencils equally.

Three bells ring at intervals of 3, 4 and 5 seconds. All three are
rung together. How long will it be until all three are rung together
again?

Anna does a big shop at the supermarket every 5 days, Maria every
6 days and Mo every 8 days. They all shop together on 2 January in
a year that is not a leap year.

a How many days will it be before they shop together again?

b How many times will they shop together during the year?

A No. 3 bus leaves the Bus Station every 6 minutes, a No. 5 every
8 minutes and a No. 8 every 9 minutes. All three leave the Bus
Station at 8 a.m.

How long will it be before all three bus services leave together
again?

'U INVESTIGATION
P\,

h is the HCF of the two numbers a and b.
Prove that the LCM of a and b is a_hb__




Number bases and place value

Number bases and place value

The position of a digit in a number is called its place value.
From this we can work out the value of a digit.

The numbers we use every day are based on powers of 10.

The number 5946 means

5 thousands + 9 hundreds + 4 tens + 6 units
= 5X1000 + 9x100 + 4x10 + 6

=5%10° + 9x10% + 4x10" + 6x10° 4

The [irst digit at the right-hand end gives the number ol
units, the next digit to the left gives the number of tens, the next
digit gives the number of hundreds, and so on. Any place value is
ten times the place value of its right-hand neighbour.

These numbers are called denary numbers, and the number base is 10.

When the base of a number system is 4, the first digit at the right-hand

end gives the number of units, the next digit to the left gives the number of
fours, the next digit to the left gives the number of 4* and so on. Any place
value is four times the place value of its right-hand neighbour.

So the number 2102, = 2X4’ + 1X4* + 0X4' + 2x4°

This shows the base of the number system. If it is missing, assume the base is 10.

Base four numbers need just the digits 0, 1, 2 and 3.

Binary numbers have a base 2. They need only the digits 1 and 0.

10011, = 1X2* + 0X2> + 0X2* + 1X2' + 1X2°= (16 + 2 + 1),, =18

10 10
‘ 21_5ﬁ EXERCISE 1b
6/ O

Example:
a What is the value of the digit 2 in 3203,?

b  Write the number 3510 in base 4.

In the number 42760, the
digit 7 has place value 10°
s0 it represents 7x10°

= 700.

Note that base ten
numbers use the digits
0,1,2,3,4,5,6,7, 8 and
9. There is no digit called

ten. 4

When the base is 5, the
place values are powers
of 5

e.g. 4341, = 4x5° + 3x5°
+ 4x5' + 1x5°.

Base 5 numbers need the
digits 0, 1, 2, 3 and 4. 4

a 2 4E—5o

The place value of the digit 2 is 4%, so it
represents 2 X 4° = 32

b 435 = &(4s) remainder 3 (units)
4) & = 2(4s) remainder O(4s)
4LT27 = 2 (4%) remainder 2 (4°s)

To write 35 in base 4 you need to
find how many 16s, 4s and units the
number contains. You can do this by
dividing by 4 repeatedly.

5035,,= 203

4
MNotice that the digits are in reverse order of the remainders in the working.

1 What is the value of the green 1 in each of the following binary
numbers?
a 1101 b 1011

2 What is the value of each digit?
a the 3in 2301 b the 2in 1021 ¢ the 2in 3210

four eight four

3 What is the value of each digit?
a the 3in 2311 b the 2in 3521,

4 What is the value of each digit?
a the 3 in 2230, b the 2 in 1120,

c 11101 d 101010

c the 2 in 7234

four elght

c the 7 in 37443

5 Express as a denary number

a 201, b 201, c 101,
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6 Expressin the base 4 =
a 20, b 30, ¢ 50, <9 MATHS IS
UUT THERE
7 Express as a denary number
a 1001, b 11001, ¢ 111000,

All digital devices use
Convert 345, into a number to base 4. binary numbers to interpret
information. Hexadecimal
numbers (base 16) are

10 Convert 2321, into a number to base 8. used for machine code
programming: A is used for
10, B for 11, C for 12, D for
12 Convert 257, into a number to base 4. 13, E for 14 and F for 15.

Convert 5055 into a number to base 4.

11 Convert 135‘,3 into a number to base 10.

13 Convert 345, into a number to base 2. Write the hexadecimal
number 1E2A92 as a

14 Convert 233, into a number to base 10.
denary number.

Example:
Determine
a 1223, + 1310, b 170, — 25,
d 4° 47 47 units Write the numbers in )
headed columns.
1 2 2 )
10 3 1 0
5 =4 + 1s01 goes in this
) 1 (5 =4 + ’]) D 3 column and one 4 carries
into the next column.

1225, + 1310, = 3133,

b 8* 8 units
Take one 8 from the
1 ¥ (_1) 0 (8) second column.
2 5
1 4 o

170, — 25, = 143,

15 Calculate 16 Calculate
a 101,+ 11, b 1011,—- 110,  a 37, + 25, b 32, — 25,
17 Calculate 18 Calculate
a33 +22 b 123,—32, a 32, + 13, b 32, — 13,
19 Calculate 20 Calculate
a 34,+23, b 43,— 23 a 26, + 55, b 161, — 55,
21 Calculate 22 Calculate
a 1.+78; b IPL,—1; a 1101, + 1010, b 1001, — 101,

Negative numbers

The whole numbers can be shown as equally-spaced points on a number
line:

DI 2 3 &£ 56 7 8




Negative numbers

When we extend the number line to the left, the numbers less than 0 are called
negative numbers and numbers greater than 0 are called positive numbers.

B=Fmb 5433110 1 2.3 45 6 7 8
The set of positive and negative numbers shown as points on the number

line above are called integers. The symbol Z is used to denote the set of
integers. The integers include the whole numbers.

The rules for working with positive and negative numbers are:

¢ when you add or subtract a number from another then
b+ (+ta)=b—(—a)=b+aandb+ (—a)=b—(+ta)=b—a

¢ when you multiply or divide two numbers
(+a) X (+b) = (—a) X (—=b) = +ab and

(+a) X (=b) = (—a) X (+b) = —ab
(+a)+(+b)=(—a)+(—b)=-F%and
(+a) + (=b) = (—a) + (+b) = —%

Order of operations

When a calculation involves a mixture of operations, work out any
calculation inside the brackets first, then do the multiplications and
divisions before the additions and subtractions.

Properties of operations

We combine numbers using the operations of addition, subtraction,
multiplication and division.

* An operation is commutative when the order of the numbers does

There is a difference
between a positive or
negative number and

the operations ‘add’ or
‘subtract’ although the
same symbols are used.
—2 + 4 means start with
negative 2 and add 4:
—2+4 =2,

3 — 6 means start with
positive 3 and subtract 6:
3-6=-3. 4

Both rules can be
remembered as

‘if the signs are the same
the answer is positive,

if the signs are different
the answer is negative’. 4

You can remember this
from the mnemonic
Bless My Dear Aunt Sally.

not matter. Addition and multiplication are commutative because, for
example, 2+ 5=5+2(=7) and2 X 5= 5 X2 (= 10).

6—3¢3—Gand6+3;t3+6)

Subtraction and division are not commutative.

* An operation is associative when brackets can be disregarded.
Addition and multiplication are associative because, for example,

(12+3+2+12+(3+2)and
(12-3—-2#12-(3-2)

2+3)+4=2+(3+4)and (2 X 3) X4 =2 X (3 X4).
Subtraction and division are not associative.
e An operation is distributive over another operation when it

can be applied separately to each number in the second operation.
Multiplication is distributive over addition, for example,

2X (3+4)=(2X3)+ (2 X 4), but addition is not distributive

2+@XH£@+Yx@+4) )

over multiplication.

¢ A set has closure under an operation when any two members of
the set combine to give another member of the set.

3 — 4 is not a whole number, nor

is2 + 3.
The sum or product of any two whole numbers gives another g B g :2 ﬁgtinteger but

whole number so W is closed under addition and multiplication.

W is not closed under subtraction and division.

Z is closed under addition, subtraction and multiplication but
not under division.

* An identity is a number that does not change the value of another
number when combined with it. For integers, 0 is the identity under
addition or subtraction, 1 is the identity for multiplication and division.

at0=a-0=a
andax1=a+1=a
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e The inverse of a number is such that when it is combined with the
number it gives the identity. The inverse of a under addition is —a
because a + (—a) = 0. The inverse of a under multiplication is % because
a X + =1. Note that = is called the reciprocal of a.

EXERCISE 1c

Example:

Note that % means 1 + aJ

Calculate 5 — 4 X 3 — (5 — 6)

5-4X3-(5-06)=5—-12—-(-1) Bracket first: 5 — 6 = — 1,
— B e bli—= =i E = multiplication next: 4 X 3 = 12

Find the value of

1 8+ (1) — (-5 2 (=3)+ (-3 + (—3)

3 5-(-4+ (-2 4 4X3+76-3

5 8X4X(-3) 6 7x4—-28-7)

7 2% 3—1 = [-2) 8 1I0-7)+@2-9

9 4-12)+ (-4 x2) 10 12 = (—4) X (-5H)

11 (-2)® X (-5) 12 7-2 =+ (1)
13 12 + 3 + (—4) 14 3 X (-7T—3+5
15 Find the ditference between 12 X (-3) + 4 and Bemember: the difiorence Bebweon v

16 +(-4) — 3. guantities is always positive. J

Fractions
% of an orange means 3

A common fraction, e.g. 2, describes part of a unit. The denominator (bottom | out of 4 equal parts of the
837 p qual p:

number) describes the number of equal parts the unit is divided into. The orange.
numerator (top number) describes the number of those parts we have. ofan
orange
Fractions are called rational numbers and they are denoted by Q. \ &' of an
([ '?Jrange
An integer can be written as a fraction, e.g. 3 = —?— and —4 = —-41- so the When the numerator
integers are included in the rational numbers. is greater than the
denominator, the fraction
- . . - 5 . v
Equivalent fractions have the same value. IS Improper. 7 IS an improper

fraction. It means 5 quarters
which is 1 whole and a quarter
and can be written as 17. This
Is a mixed number and it

We can find equivalent fractions by multiplying (or dividing) the
numerator and the denominator of a fraction by the same number.

means 1 + %_ /
Simplifying fractions means finding an equivalent fraction with a
smaller numerator and denominator. When the numerator and & Tl &
denominator are as small as possible, the fraction is in its lowest i et
possible terms or its simplest form. The process of dividing top
and bottom by the same
Operations on fractions number is called cancelling./
¢ Fractions can be added or subtracted by first changing them into Byl B, T ke?
equivalent fractions with the same denominator, then adding or 3 # g B ¥
subtracting the numerators. B A -/




possible to reduce the size of the numbers.

L ]

reciprocal) and multiply.

EXERCISE 1d

Example:
Calcula’(e%+ 1%—:;_i
S+15+d=2+4+%
:3+—%X'§2=§+%‘5

Evaluate using a calculator or otherwise.

1 3 1 1 1
1 12} + 53 2 3l+2l+1)
7 4 7 5 1
3 gtzts 4 5§ 1
19 3 3 1 5
7 5 2 3 3 1
7 4L —3%+12 8 73-23-31
8 5 3 5
o £x3i 10 78x 2
1 13 1 5 1
. 4 18 o 27
13 1+4 14 1.2
15 1+27 16 1+ 43
2 . gl 1. A3
17 42 + 5] 18 61 + 22
Y o1 T o 4
19 8l+78 20 (21-1})+ 4
1 B . 7 (41 2 49
(43 3 | 5 4 e P |
23 (13+23 — (335 = e
7%3 26 Li%
5 9—7 28 113
67 — 5%+ 77 '3
1 1
27 13of 1+ 33 o CHT%
g5 = gl
ol — 2 w13 m
29— 30 51— 27 + 11
sX3%+t % e &
4l 5 1
33 _ 11| x 22 37" 13
31 (.35 13} X 22 32 =
3_2 1 41
33 42 3¢ 2%
33 51 — 41

Fractions can be multiplied together by multiplying the denominators 3
and multiplying the numerators. Before multiplying, cancel where 4

To divide by a fraction, turn the fraction upside down (i.e. find its

Fractions

18w 3_3X3
><12 472  4x2
=8 41
8 18
oo BT _ 85 ikl
E'?_6X2_12_2ﬁj

First change 1% into an improper fraction
then do the division: turn’g upside down

and multiply. /

Next do the addition: turn the fractions
into equivalent fractions with a common
denominator. Choose the LCM of 4 and 3
for the common denominator. /
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35

37

38

39

40

41

42

43

44

45

46

47

48

49

50

b B 1
T 36 122 5
% ~ 3
In a mathematics textbook % deals with arithmetic, ? algebra and the
remainder geometry. If the book has 210 pages, how many pages of

geometry are there?

During a 2-hour bus journey the rest periods amount to L of the time.
If the average speed of the bus when it is moving is 50mph, what
distance is the journey?

A petrol storage tank is three-quarters full. After 75 litres have been
drawn off it is three-fifths full. What is the capacity of the tank?

After spending g of my money | have $1072 remaining. How much
money did | have to start with?

Terry poured 2 of a can of oil into his car engine. He had 3 litres left
over. How much did he use?

Andy and John went into business together. Andy provided % of
the capital and John the remainder of $10 400. How much did Andy
contribute?

Anne, Betty and Cheryl decide to open a hairdressing salon. To do
this they require $10 720. Anne contributes - of it, Betty - and
Cheryl the remainder. How much does each contribute?

In a book containing four short stories, the first is % of the whole,

the second 18 the third 126 pages and the fourth is % of the whole.
How many pages are in the book?

The product of two numbers is 8. If one of the numbers is 3% find the
other number.

The product of two numbers is 21. If one of the numbers is 2%, find the
other number.

How many jars, each of which holds g kg, can be filled from a tin
containing 21 kg?

The area of a blackboard is 8—3— square metres. If the board is 1%— m
wide, how long is it?

If it takes 3; minutes to fill % of a water storage tank, how long will it
take to fill it completely?

When the larger of two fractions is divided by the smaller, the result is
1%. If the smaller fraction is 2§ find the larger.

Powers and roots

* The square of a number is the number multiplied by itself. The square

of 5 is called 5 squared and is written as 5°.

e When a number can be expressed as the product of two equal factors, 16 =4 X 4,s04isa

square root of 16.

16 = —4 X —4,s0 —4 is
A positive number has two square roots, one positive and one negative, also a square root of 16.
e.g. the square roots of 4 are 2 and —2. By convention, however,
V16 means the positive
square root of 16.

that factor is the square root of the number.

A negative number has no square roots because there are no equal
numbers whose product is negative.




Powers and roots

¢ The cube of a number is the product of three of the number. The cube
of 21is 2 X 2 X 2 and is called 2 cubed. It is written as 2’.

* When a number can be expressed as the product of three
equal factors, that factor is called the cube root of the
number.

27 = 3 X 3 X 3, so 3 is the cube root
of 27. The symbol V3 means ‘the cube

root of’. P
Any number has one cube root; a positive number has a —27=-3X-3X-3s0V-27 = -3
positive cube root and a negative number has a negative
cube root.

Irrational numbers

The square root of two, i.e. 2, cannot be written exactly as either a decimal
or a fraction whose numerator and denominator are integers. All square

gy =
roots that are not exact are irrational, for example V3, V5, \(% There are many
more numbers like this, such as «. They are called irrational numbers.

Indices

Other words for indices are powers and exponents.
These are the laws for working with indices.

¢ We can multiply the same number to different powers

v it 5 2 BPx5'=5X5X5X5xX5X5=58
by adding the indices, for example 5 X 5* = 5°** = 5°, j

e We can divide the same number to different powers bY, 4T 47 — AXAXAXAXAXAXA _ 45
subtracting the indices, for example 4’ + 4° = 47 = 4°, Ry
* A negative index means the reciprocal, for example, 32 e
means the reciprocal of 32, i.e. L. ' ekt M
p 3 and3' + & =3 =3

* We can simplify a power of a power by multiplying the indices, (@4 = 24 x 2% x 2% = %4 )
for example, (2%)’ = 2"

3
To determine % we can subtract the indices. This gives 5°.
3
But % = 1. So we deduce that 5° = 1
b
Now consider % where a and b are any two numbers.
P

h ]
Subtracting the indices gives & = 2" = a”. But 4 = 1 so we deduce

]
that a° = 1 a 4

Therefore any number to the power zero is equal to 1.

' 215678 EXERCISE 1e

Example:
Write 3 x 3 as a single number in index form.

X 5=5°

| Add the powers. j

Write as a single number in index form
1 a 2'x2 b 3 %37 ¢ BPKE
2 a 2 x2° b 372x 3 c (3°
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Example:
Find the value of (—3)* + [%]_3
B+ (3 =0+ 2=9+8=17

-3x-3=9and(}) =1+ (3)’=2° J

Find the value of

3 a 4" b 1002 c 477

a (8”7 5 9° X 107 6 122 x37
-3 . m\3

7 (29 8 (—4)% X (%] 9 %

oS wEeE w SIF

Decimals

A decimal is another way of describing part of a unit.

A point (called the decimal point) is placed after the units and the place
values to the right of this are called decimal places.

The first decimal place after the point represents tenths, the second 5.27 means 5 + & + %)
decimal place represents hundredths, the third decimal place represents
thousandths, and so on.

Operations on decimals

The easiest way to make sure that you add the same
place values together is to write them in a column with
the decimal points lined up.

e Decimals are added and subtracted in the
same way as whole numbers. Make sure

that you add tenths to tenths, hundredths e.g.2.56 —0.7: 2.56
to hundredths, and so on. Add zeros if —0.70
needed so that both numbers have the 1.86 J

same number of decimal places.

e To multiply decimals, ignore the decimal point [3.24 X 0.5 =1.620 =1.62 (324 X 5 = 1620) )
and multiply the numbers as you would with 2dp. 1dp. 3dp.
whole numbers. Then use the total number of
decimal places in the original numbers as the
number of decimal places in the result.

¢ A decimal can be divided by a whole number. 3.16 + 8 = 0.395 0.395
Proceed as you would with whole numbers. 8)3.160 /

Add zeros after the point if necessary to
continue the division.

e Division by a decimal can be converted to division by a 215+ 0.5 = % = % =43
whole number. Use the fact that a division can be written (multiplying top and bottom by 10)
as a fraction. Then multiply top and bottom of the fraction 4.3
by a number that makes the denominator a whole number. 5)21 .SJ




Approximations

Approximations

Many decimal calculations result in more decimal places
than we need and some of them are infinite. We deal with
this by rounding the number to a given place value or
significant figure. This is called correcting the number.

The first significant figure in a number is the first The first significant figure in each of
non-zero digit, reading from left to right. The second these numbers is 3:

significant figure is the next digit whether or not 3.79, 0.334, 3670, 0.000 315

it is zero.

To correct a number to a given place value, look at the 2.57203 = 2.6 correct to 2

digit on its right: significant figures
2.57|203 = 2.57 correct to 2

it this is 5 or larger, round up; if it is less than 5, leave it alone. :
decimal places

Note that any number that has been rounded is not exact. It is an
approximation to the number.

Scientific notation

A number in scientific notation is a number between 1 and 10 )
t.

C s 4.27 x 10%is in scientific
multiplied by a power of 10. notation but 0.75 X 16° is no

] ﬂ5678 EXERCISE 1f

Example:
0.5508

Calculate 34
a exactly b correct to 2 decimal places
¢ correct to 1 significant figure d in scientific notation.

05508 5508 _ 0162 0162

34 54 : 34)5.506

a 0162

b 0162 = 0.16 correct to 2 d.p.
¢ 0162 = 0.2 correct to 1 sf.
d 0162 =162 X 10™

0.162 = 1.62 + 10 = 1.62 X 10°' j
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10

11

12

13

14

15

16

3 74

18

19

Give each number correct to 1 significant figure.

a 6.350 b 473.5 c 4598 d 0.0709
Give each number correct to 2 significant figures.
a 386.5 b 0.0807 c 3.225 d 53.92
Give each number correct to 3 significant figures.
a 0.06778 b 0.99999 c 4573 d 765.4
Give each number correct to 2 decimal places.
a 1.546 b 0.7070 c 3.1426 d 65.888
Calculate exactly.

0.7191 p 9261 o 20.223 4 5711.2

4.7 73.5 5.4 8.5

Give each number in scientific notation.
a 54000 b 235 c 0.00072 d 0.01005
Calculate 17.697 +~ 10.2
a exactly

b correct to 2 significant figures
¢ correct to 2 decimal places.

Find, correct to two decimal places
a 041 +26 b 0937 - 264 ¢

Find, correct to 3 significant figures

a 401 +0.076 b 3.21 +0.00434 c 16.3 + 0.0876
Calculate the exact value of
a 5.2? +37° b 0.8°+0.8 c % — 0.007
Find the exact value of
_ 242 5.3 +7.39
a 187 — 34 b 135
Find the exact value of
2 _ 2 26 + 50.32
a 6.4 3.9 b 53 %06
Find the exact value of
i 3.848 b 0.72 X 04
0.52 36

Find, correct to 3 significant figures
a |(4.63° + 6.49°) b (0.894° + 1.465%)c 1 + 0.767°

Find, correct to 2 decimal places
a (265" +306° b 1+y3457 ¢ 0.945
Find, correct to 3 significant figures

14.7 — 9.54 b 3:45 X 6.25
3.77 + 7.23 67.3 — 45.9

Find the value of (13.2°) — (0.675 + 3)
a exactly b 162 sk

a

¢ in scientific notation.

0643 + 0.55 d 89.2 + 137

lfa=5 % 10*and b = 25 x 10° find, in scientific notation
aa+b b ab ca-+h db=+a

Ifa= 3.6 X 10* and b = 4 x 10 *find, in scientific notation
a ab ba+b

Remember that you can multiply a string

of numbers in any order. e.g. 2 % 10° X

3 X10°=2%3%X10° X 10° =6 % 10°
But when a calculation includes a

mixture of operations, do X and +

before + and —.

e.g.2 x10° + 3 x 10° = 2 X 1000 + 3

% 10000000 = 2000 + 30000000 /

= 30002000




20 lfa=42 x10%and b = 6 X 10 °find, in scientific notation

aa+b ba-—-»b c ab da+b

21 The thickness of a 250-page book (i.e. 125 sheets or leaves) is Take care that you
11.25mm. understand the difference
a Find the thickness of i1 sheet ii 80 sheets iii aream (500 sheets). :ﬁggfe” apage and a

b How thick is a book with 1200 pages ii 560 pages?
How many sheets have a total thickness of i28.8mm ii 3.42mm?

d How many pages are there in a book whose thickness, excluding
the cover, is 119.8mm ii 7.2 mm?

Converting fractions to decimals

The fraction % means a + b, so a fraction can be converted The fraction g_ tHssan ¢ B
to a decimal by dividing the numerator by the denominator. place a decimal point after the 2 and

0.4
Most fractions do not convert to a decimal that terminates. T ™ % —04 520

2. 0:181818:; - 2 agss
For example, 111112000000 The digits 18 recur infinitely.

We write this as 0.18. The dots show the pattern of digits that recur. | 0.1256 means 0.1256256256... j

All fractions convert to a decimal that either terminates or
recurs. Conversely, any recurring decimal can be expressed as
an exact fraction.

There are some numbers, such as V2 and
7 that cannot be expressed as

either a fraction or as an exact decimal.
The set of irrational numbers and rational numbers are called These are called irrational numbers.

real numbers. The set of real numbers is denoted by R.

Converting decimals to fractions

Any terminating decimal can be expressed as a fraction by ignoring the
decimal point and writing it over the power of 10 equal to the number of

123 — 123

decimal places. For example, 0.125 = T = 1000

which cancels to é

Percentages

A percentage is a fraction with a denominator of 100. If you remember this, it makes converting

27% = 27 and 180% = 180 — 1.80 —;4 percentages to fractions or decimals, and
100 100 100 5 vice versa, easy to remember. /

So to convert a percentage to a fraction, remove the % sign
and write it over 100, then cancel the fraction when possible.

: i
To convert a percentage to a decimal remove the % sign and | 540, _ ?2646 i 565_ atid

divide it by 100. 24% =24 + 100 = 0.24

Comjersely, to convert a fractio.n or a decimal to a percentage, 3= g X 100% = 0% = ?2_5% = 371% and
multiply by 100 and add a % sign. 1.765 = 1.765 X 100% = 176.5% )

One quantity as a fraction

25cm as a fraction of 2m = % = %
or percentage of another (converting 2m to cm)
25 cm as a percentage of 2m

To find one quantity as a fraction or percentage of another, o 520% % 100% = 12.5%
first make sure both quantities are measured in the same unit.

Then place the first quantity over the second. Cancel this to give

a fraction in its lowest possible terms or multiply it by 100 and

add a percentage sign to give a percentage.







